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Abstract
Pseudo-median graphs form a nonbipartite generalization of median graphs. We derive a
characterization of pseudo-median graphs based on a sequence of gated expansions which allows
us to recognize these graphs in O(mn) time. ? 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
For a triple of vertices u, v, and w of given graph G, a vertex x of G is a median
of u, v, and w if x lies simultaneously on shortest paths joining u and v, v and w, and
w and u, respectively. If G is connected and every triple of vertices admits a unique
median, then G is a median graph.
Median graphs were introduced by Avann [1], Nebesk:y [12], and Mulder [11]. For
a review of results and applications concerning median graphs the interested reader is
invited to consult [10] and the references therein.
Many interesting results on median graphs are due to the extensive investigations of
Mulder and Bandelt. They also introduced some generalizations of median graphs e.g.
quasi-median graphs [11], pseudo-modular graphs [2] and pseudo-median graphs [3].
All three classes of graphs generalize median graphs to the nonbipartite case.
Several e=cient algorithms concerning median graphs are known. Jha and Slutzki
[8,9] presented two O(n2 log n) algorithms for recognizing median graphs. Hagauer
et al. demonstrated in [6] how to recognize these graphs in O(n1:5 log n) time. Moreover,
Imrich in [7] recently proposed an even faster O(n1:41(log n)2:82) algorithm. Hagauer [5]
gave an O(n1:5 log n+m log n) algorithm for recognizing quasi-median graphs. Applying
the so-called triangle and quadrangle property of pseudo-median graphs (see Theorem 1
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in Section 2) and the similar property of pseudo-modular graphs one can obtain an
O(n4) algorithm for recognizing these graphs.
The paper is structured as follows. Section 2 contains basic deHnitions concerning
pseudo-median graphs and several lemmas required in the sequel are derived. The
characterization of pseudo-median graphs needed for the algorithm is also proved. In
Section 3, recognition of three classes of graphs which are the building stones in a
construction of pseudo-median graphs is considered. An algorithm for recognizing the
most complex of these graphs — the snakes — is presented. In Section 4, an algorithm
for recognizing pseudo-median graphs with time bound O(mn) is given.
2. Preliminaries
If G is a graph, we shall write V (G) for its vertex set and E(G) for its edge set. E(G)
is the set of unordered pairs xy= {x; y} of distinct vertices of G. For H ⊆V (G), 〈H 〉
denotes the subgraph induced by H . For convenience, we will not always distinguish
between a subset H and the subgraph induced by H . Throughout the paper, for a
given graph G, let n and m stand for the number of its vertices and the number of its
edges, respectively. For v ∈ V (G) let NG(v) or N (v), if G is understood, be the set of
all vertices adjacent to u and let d(u) = |N (u)| be the degree of u. For u; v ∈ V (G),
dG(u; v) or d(u; v) denotes the length of a shortest path in G from u to v.
The interval I(u; v) between two vertices u and v consists of all vertices on shortest
(u; v)-paths
I(u; v) = {w |d(u; w) + d(w; v) = d(u; v)}:
A pseudo-median of vertices u, v and w is a triple of mutually adjacent ver-
tices x, y, z such that x; y∈ I(u; v), x; z ∈ I(u; w) and y; z ∈ I(v; w). A graph is a
pseudo-median graph if every triple of vertices admits either a unique median or a
unique pseudo-median.
We will need the following characterization of pseudo-median graphs.
Theorem 1 (Bandelt and Mulder [3]). A connected graph G is pseudo-median if and
only if for any vertices u; v; w of G such that 16d(v; w)62 and d(u; v)=d(u; w)=k¿2
there is a unique vertex x adjacent to both v and w with d(u; x) = k − 1.
A wheel consists of a circuit and an extra vertex adjacent to all vertices of the circuit.
A snake is a 2-connected triangulated graph G such that for every triangle in G there
are at most two triangles sharing an edge with it and no edge is in three triangles.
A hyperoctahedron is a complete graph on an even number of vertices minus a perfect
matching.
A subgraph H of G is isometric if for any u; v∈V (H), dH (u; v) = dG(u; v).
A subgraph H of G is convex, if for any u; v ∈ V (H), I(u; v)⊆V (H). A subgraph H
of G is 2-convex, if for any u; v ∈ H with dG(u; v) = 2, every common neighbor of u
and v is in H .
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Further, a subgraph H of G is gated, if for every vertex u of G, there exists a vertex
u′ ∈ H such that u′ ∈ I(u; v) for all v ∈ H . Note that u′ must be unique. It is well
known that a gated subgraph is necessarily convex.
A subgraph H of G is -closed, if for every triangle having two vertices in H , all
vertices of the triangle are in H .
We will need the following lemmas to reduce the time bound of our algorithm.
Lemma 1 (Bandelt and Mulder [3]). Let H be a subgraph of a pseudo-median graph.
Then H is gated if and only if H is convex and -closed.
Lemma 2. Let H be a subgraph of a pseudo-median graph G. Then H is gated if
and only if H is 2-convex; -closed; and isometric.
Proof. Let H be 2-convex, -closed, and isometric. By Lemma 1, it su=ces to show
that H is a convex subgraph of G. We do this by induction on d(u; v), where u; v ∈
V (H). For d(u; v) ∈ {1; 2}, the claim is obvious. Let d(u; v) = k + 1¿3 and let P be
a shortest path u; w; : : : ; v between u and v. Suppose P is not completely in H . Then
we may assume w 	∈ H . Since P is isometric, there exists a shortest path P′ which is
entirely in H . Let t ∈ P′ be the neighbor of u. It is obvious that d(w; v) = d(t; v) = k.
Since G is a pseudo-median graph, according to Theorem 1, there is a unique vertex
x adjacent to w and t such that d(x; v) = k − 1. Vertex x is on a shortest path from t
to v, and by the inductive hypothesis x ∈ H . Furthermore, u and x are at distance two
and since H is 2-convex, w is in H , a contradiction.
Let G be a graph and let V1 and V2 be vertex subsets of G such that V1 ∩ V2 	= ∅
and V1 ∪ V2 = V (G). Assume in addition that 〈V1〉 and 〈V2〉 are isometric subgraphs
of G and that there is no edge between a vertex of V1\V2 and a vertex of V2\V1. An
expansion of a graph G (with respect to V1 and V2) is a graph H , obtained from G
in the following way.
(i) Replace each vertex v ∈ V1 ∩ V2 by vertices v1 and v2 and join them by an edge.
(ii) Join v1 and v2 to all neighbors of v in V1\V2 and V2\V1, respectively.
(iii) If v; u ∈ V1 ∩ V2 are adjacent in G, then join v1 to u1 and v2 to u2.
We call an expansion a gated expansion if V1 ∩ V2 is gated. A contraction is just
the inverse operation of the expansion, i.e. G is a contraction of H .
It is obvious that a graph is median if and only if it is pseudo-median and triangle-free.
Furthermore, it makes an essential diLerence for the local structure of a pseudo-median
graph whether an edge is in a triangle or not.
Let G be a pseudo-median graph with vertex-set V . The following sets will play an
important role.
For an edge ab of G we write
Wab = {w ∈ V |d(a; w)¡d(b; w)};
Wba = {w ∈ V |d(b; w)¡d(a; w)};
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Fab = {xy | xy edge of G with x in Wab and y in Wba};
Uab = {w ∈ Wab |w is the end vertex of an edge in Fab};
Uba = {w ∈ Wba |w is the end vertex of an edge in Fab}:
The next theorem shows some fundamental properties of these subgraphs. Recall that
a cutset is a minimal disconnecting set of edges of G.
Theorem 2 (Bandelt and Mulder [3]). LetG be a pseudo-median graph with vertex-set
V; and let ab be an edge of G not in a triangle. Then Wab=V\Wba; and the sets Wab;
Wba; Uab; Uba are gated. Furthermore; Fab is a cutset as well as a matching; and the
mapping f :Uab → Uba; de4ned by f(x) = y whenever xy ∈ Fab and x ∈ Uab; is an
isomorphism between 〈Uab〉 and 〈Uba〉.
The next theorem indicates that the recognition of pseudo-median graphs can be
achieved using gated expansion.
Theorem 3 (Bandelt and Mulder [3]). A graph G is pseudo-median if and only if G
can be obtained by a sequence of gated expansions from a graph each block of which
is either a wheel or a snake or a hyperoctahedron.
Now, we recall some notions concerning vertices of Uab and Wab (as well as Uba
and Wba) introduced by Jha and Slutzki [9]. Let {V0; : : : ; Vr} be a partition of Wab such
that if x ∈ Vi then d(a; x)= i, 06i6r. DeHne a similar partition of Wba. A vertex x of
Wab is called a square vertex if x ∈ Uab, and a circle vertex otherwise. If x ∈ Vi and
y ∈ Vj, where j¿ i and d(x; y) = j− i, then x is a predecessor of y; if j− i= 1 then
x is an immediate predecessor of y.
Lemma 3. If G is a pseudo-median graph and ab an edge of G not in a triangle;
then in Wab (Wba); every predecessor of a square vertex is a square vertex.
Proof. Follows because by Theorem 2, Uab is gated and hence also convex.
The next theorem is the basis for our algorithm.
Theorem 4. Let G be a connected graph and let ab be an edge of G not in a triangle.
Suppose the following properties hold:
(i) 〈Uab〉 and 〈Uba〉 are connected;
(ii) Fab is a matching that de4nes an isomorphism between 〈Uab〉 and 〈Uba〉;
(iii) |Wab|+ |Wba|= |V (G)|;
(iv) in Wab (Wba); every predecessor of a square vertex is a square vertex;
(v) for any u ∈ Wab\Uab and v ∈ Wba\Uba; |N (u) ∩ Uab|61 and |N (v) ∩ Uba|61.
Let G′ be the graph obtained by contracting the edges in Fab. Then G is a
pseudo-median graph if and only if G′ is a pseudo-median graph.
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Proof. Let U be the subset corresponding to contraction of the edges in the matching
Fab. Now V (G′)=(Wab\Uab)∪U∪(Wba\Uba), W ′ab=(Wab\Uab)∪U and W ′ba=(Wba\Uba)∪
U .
Suppose Hrst that G is a pseudo-median graph. It is obvious that U , W ′ab and W
′
ba are
gated in G′. Furthermore, it is easy to see that a gated subgraph of a pseudo-median
graph is a pseudo-median graph, so are W ′ab and W
′
ba. Let u, v and w be vertices of
G′ such that 16dG′(v; w)62 and dG′(u; v) = dG′(u; w) = k¿2. We have to show that
there is a unique vertex x ∈ G′ adjacent to both v and w with dG′(u; x) = k − 1. We
distinguish three cases now.
(a) Vertices u, v and w are altogether in W ′ab (W
′
ba). The claim follows immediately,
since W ′ab (W
′
ba) is a pseudo-median graph.
(b) Vertices v and w are in W ′ab and u is in W
′
ba\U . Since W ′ab is gated and since
there is no edge between a vertex of W ′ab\U and a vertex of W ′ba\U there must be
unique vertex y in U such that y ∈ I(u; v) and y ∈ I(u; w). (Note that y 	= v; w
since d(v; u)=d(w; u).) It is obvious that d(v; y)=d(w; y):=t and d(u; y)= k − t.
If t=1, the assertion directly follows. If t ¿ 1, then since W ′ab is a pseudo-median
graph, there must be vertex z adjacent to both of v and w such that d(z; y)= t− 1
and d(z; x) = t − 1 + k − t = k − 1 and the claim is proved.
(c) Vertex v is in W ′ab\U and w is W ′ba\U . Note that d(v; w) = 2 and there must be a
unique vertex y ∈ U adjacent to both of v and w. If u ∈ U the claim is obvious
since U is gated and therefore y is in I(u; v) and I(u; w). Suppose, without loss of
generality, that u ∈ Wba\U . Since W ′ba is gated, y is in I(u; v) and d(y; u) = k − 1.
The assertion follows.
For the converse note Hrst that since 〈U 〉 is isomorphic to each of 〈Uab〉 and 〈Uba〉,
we can still distinguish between square vertices and circle vertices in G′. Let, therefore,
c be the vertex obtained by the contraction of the edge ab and let {V0; : : : ; Vr} be the
partition of V (G′) such that if x ∈ Vi then d(c; x)=i, 06i6r. By Theorem 3, a graph is
pseudo-median if it can be obtained from a pseudo-median graph by a gated expansion.
Since G′ is pseudo median and Fab is a matching that deHnes an isomorphism between
〈Uab〉 and 〈Uba〉, we have to show that Fab is a cutset, and the subgraphs U , Wab, and
Wba are gated.
Suppose Fab is not a cutset. Since |Wab| + |Wba| = |V (G)|, there must be an edge
e between a vertex of |Wab\Uab| and a vertex of |Wba\Uba|. But then e is in Fab, a
contradiction.
To see that U is gated, we have to prove by Lemma 2 that U is (a) 2-convex, (b)
-closed and (c) isometric in G.
(a) Let u; v ∈ U be the vertices at distance two. Suppose there is the vertex x 	∈ U
adjacent to u and v. Then |N (x) ∩ U |¿2, a contradiction.
(b) Analogously as in (a) but assume the vertices u; v ∈ U are adjacent now.
(c) By way of contradiction, assume that u and v are vertices of U such that every
shortest (u; v)-path in G′ contains at least one circle vertex. If d(u; v) = 2, then
since U is 2-convex, we get a contradiction. Let then d(u; v)¿3. Since G′ is a
pseudo-median graph, vertices c, v and u must have a unique median m or a
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unique pseudo-median M . Let P be the shortest (u; c)-path containing m (M) and
P′ the shortest (v; c)-path containing m (M). Since c is a predecessor of u and v,
every shortest (u; c)-path and every shortest (v; c)-path contain only square vertices,
so do P and P′. It is a straightforward exercise to obtain the shortest (u; v)-path
containing only vertices of P and P′, a contradiction.
To complete the proof, we have to show that Wab and Wba are gated. Since Wab and
Wba intersect only in U , the assertion is obvious.
3. Recognizing snakes, wheels and hyperoctahedrons
By Theorem 3, a pseudo-median graph can be obtained by a sequence of gated
expansions from a graph each block of which is either a wheel or a snake or a
hyperoctahedron. Therefore, to develop an e=cient algorithm using a sequence of ex-
pansions it is necessary to Hnd fast algorithms for recognition of these graphs. The
task is straightforward for wheels and hyperoctahedrons, both can be recognized in
time linear in the number of edges. The algorithm for recognizing snakes is a little
more involved. However, snakes are triangulated graphs, therefore some part of the
rich theory of triangulated graphs can be applied.
A vertex v of G is simplicial if N (v) induces a complete subgraph. Let $ =
[v1; v2; : : : ; vn]; vi ∈ V (G) be an ordering of vertices and let Gi be a graph obtained by
deleting vertices v1; v2; : : : ; vi−1 from G. We say that $ is a perfect vertex elimination
scheme if each vi is a simplicial vertex of Gi.
It is well known that graph G is triangulated if and only if it has a perfect vertex
elimination scheme [4]. The following lemma indicates, that a perfect vertex elimination
scheme can be used in the recognition of a snake.
Lemma 4. If G is a snake such that |V (G)|¿ 4 and v is a simplicial vertex of G
then
(i) N (v) induces K2;
(ii) G′ = G\{v} is a snake.
Proof. (i) Note that N (v) cannot induce K1 since G is 2-connected. Suppose N (v)
induces K3. Then the set H = {v} ∪ N (v) induces K4. Since V (G)¿ 4 there must be
a vertex u adjacent to at least two vertices x; y of H . Then the edge xy is in three
triangles, a contradiction.
(ii) By (i), we know that G′ is obtained by deleting v and two edges of G, i.e. G
is reduced for a “triangle”. Obviously, for every triangle in G′ there are still at most
two triangles sharing an edge with it and no edge of G′ can be in three triangles.
Since G′ is triangulated, it su=ces to show that G′ is 2-connected. To see this, note
that a necessary and su=cient condition for a graph to be 2-connected is that any two
distinct vertices u and v can be joined by 2 vertex-disjoint chains. Suppose vertices u
and w of G are joined by a chain which contains v. Since the vertices of N (v) are
connected, v can be removed from the chain such that u and w are still joined.
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The next characterization is crucial for our algorithm.
Theorem 5. Let G be 2-connected; triangulated graph with |V (G)|¿4. Let [v1; v2;
: : : ; vn] be a perfect vertex elimination scheme. Then G is a snake if and only if
(i) neighborhoods NGi(vi); 16i¡n− 1; induce K2;
(ii) for x; y ∈ NGi(vi); min(|NGi(x)|; |NGi(y)|)63.
Proof. Suppose G is a snake. By Lemma 4(ii), Gi is also a snake.
(i) This is Lemma 4(i).
(ii) Suppose |NGi(x)|¿|NGi(y)|¿ 3. Note that vertex y is adjacent to vi and x. Since
Gi+1 is 2-connected and triangulated, there must be vertex u adjacent to both of
x; y. For the same reason, there must be vertex w adjacent to both of u; y and
vertex z adjacent to both of x; u. (Note that w or z cannot be adjacent to both
x; y, since the edge xy would be in three triangles.) But there are three triangles
sharing an edge with triangle induced by {x; y; u} now, a contradiction.
For converse, suppose the conditions (i) and (ii) hold. We have to prove that
(a) no edge of G is in three triangles and
(b) for every triangle in G there are at most two triangles sharing an edge with it.
(a) Suppose there is an edge xy of G in three triangles. The triangles are determined
with vertices u, w and z, respectively. It is obvious that u, w and z are in front of x
and y in a perfect vertex elimination scheme. Let u=vi be Hrst of them in a scheme.
Without loss of generality, we can say |NGi(x)|¿|NGi(y)|¿3, a contradiction.
(b) Suppose there is a triangle induced by {u; v; w} such that there is a vertex x
adjacent to both of u; w, a vertex y adjacent to both of v; w, and a vertex z
adjacent to both of u; v. It is obvious that x, y and w are in front of u, v and z in
a perfect vertex elimination scheme. With the same argument as above we get a
contradiction.
Algorithm SNAKE(G);
begin
1. if G is not 2-connected then REJECT;
2. Find an ordering $ = [v1; v2; : : : ; vn]; vi ∈ V (G) using Lex BFS (see [4]);
3. if $ is not a perfect vertex elimination scheme then REJECT;
4. for i:=1 to n− 2 do begin
4.1. Verify that
4.1.1. N (vi) induces K2;
4.1.2. min(|N (x)|; |N (y)|)63; x; y ∈ N (vi);
if both conditions are not fulHlled then REJECT;
4.2. Delete vi from G; end; { for }
end.
Theorem 6. The algorithm SNAKE recognizes whether or not a given graph is a
snake in time O(m).
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Proof. The correctness of the algorithm follows from Theorem 5.
We shall show that SNAKE runs in time O(m). It is well known that it can be
decided in O(m) whether a graph is 2-connected or not. Algorithm Lex BFS and the
algorithm for testing a perfect vertex elimination scheme (e.g. [4]) need also O(m)
time. Steps 4.1.1 and 4.1.2 can be performed in time O(1) using adjacency lists.
Using doubly linked adjacency list, we can delete a vertex vi in O(d(vi))=O(1) time.
Therefore, the overall complexity of these steps is O(m) and the assertion follows.
We are ready now to present an algorithm for recognizing pseudo-median graphs.
4. Algorithm
Algorithm PSEUDO-MEDIAN(G);
begin
1. Let G1; G2; : : : ; Gr be the biconnected components of G;
2. for i:=1 to r do
3. if there is an edge ab ∈ E(Gi) not in a triangle then begin
4. Find the sets Wab; Wba; Uab; Uba and Fab;
5. Verify that
5.1. 〈Uab〉 and 〈Uba〉 are connected;
5.2. F is a matching which deHnes an isomorphism between 〈Uab〉 and 〈Uba〉;
5.3. every immediate predecessor of a square vertex is a square vertex;
5.4. |Wab|+ |Wba|= |V (G)|
5.5. every vertex in X :={w | uw ∈ E(Gi); u ∈ Uab w ∈ Wab\Uab} has exactly
one neighbor in 〈Uab〉 and no neighbor in 〈Uba〉;
6. if any one of the foregoing conditions is not fulHlled then REJECT;
7. Obtain a graph G′ from Gi by contracting the edges which are in Fab;
8. PSEUDO-MEDIAN(G′); end { if }
9. else if Gi is not a wheel or a snake or a hyperoctahedron then REJECT;
end.
Before PSEUDO-MEDIAN is started, some preprocessing has to be done. For each
edge uv of G it must be decided whether it is in a triangle or not. Note that this can
done in O(mn) time. We point out that the edges in triangles are not contracted by
the algorithm. The given graph G (containing a triangle) is declared pseudo-median if
and only if PSEUDO-MEDIAN(G) terminates without ever encountering a REJECT
statement.
PSEUDO-MEDIAN is called only if G is not triangle free; otherwise an algorithm
for recognizing median graph must be applied.
Theorem 7. PSEUDO-MEDIAN correctly recognizes pseudo-median graphs.
Proof. The assertion follows from Theorems 4 and 3.
A. Vesel / Discrete Applied Mathematics 116 (2002) 261–269 269
Theorem 8. PSEUDO-MEDIAN runs in O(mn) time.
Proof. Suppose that the input is a graph with n vertices and m edges. One can
easily see that at each run of PSEUDO-MEDIAN(H), which originates a recursive
call, H is reduced by at least one vertex. Therefore, the total number of calls of
PSEUDO-MEDIAN cannot exceed n. Now we have to show that r iterations of the
for-loop can be executed in O(m) time. It has been shown in [8] that Steps 1, 4 and
Steps 5.1–5.4 can be performed in time linear in the number of edges of a biconnected
component of the input graph. Since the vertices in triangles are marked in the prepro-
cessing stage, it is obvious that the same claim holds for Step 3. To test the condition
in Step 5.5, one has to go through the adjacency list of vertices in Uab (Uba) and
mark vertices that are not in Uab and Uba. This can be done in time O(
∑
v∈Uab d(v))
(and O(
∑
v∈Uab d(v)), respectively) which is again linear in the number of edges of a
biconnected component.
Since it can be easily veriHed in linear time whether a graph is a wheel or a
hyperoctahedron, and since SNAKE recognizes a snake within the same time bound,
this time bound is also not exceeded in Step 9.
Finally, it is obvious that O(
∑r
i=1 E(Gi)) = O(m) and the proof is complete.
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